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A BSTRACT

A multicell WiMax system which supports orthogonal frequency division multiplexing (OFDM) and antenna arrays at
the base stations is considered in this paper as conforming to
the IEEE 802.16-2004 standard. Focusing on the uplink, we
propose an analytical framework to assess the average error
probability of the system over time-dispersive (or, equivalently,
frequency selective) and space-dispersive (due to the antenna
array) Rayleigh fading channels. The proposed method takes
into account the effects of the correlation of the channel gains
over the space-frequency domain, the power-angle structure of
the inter-cell interference, the array processing at the base station and the interleaving scheme. Simulation results corroborate the proposed analysis for a IEEE 802.16-2004 cellular
system over different propagation scenarios.
I. I NTRODUCTION
Worldwide Interoperability for Microwave Access (WiMax) is
a standard based technology that provides last mile broadband
wireless access. In this paper, we consider multicell WiMax
systems conforming to the IEEE 802.16-2004 standard [1] [2],
which prescribes the employment of OFDM modulation and
supports antenna array technology. The pushing demand for
broadband systems makes WiMax one of the most promising
technologies for the near future in wireless communications.
The system is expected to operate in heterogeneous propagation environments as applications range from the provisioning
of wireless services in rural areas to intensive and real-time applications on notebooks and other mobile devices. Thereby, a
thorough analysis of its performance under realistic and different propagation environments is mandatory.
Several works have recently focused on the evaluation of
the error rate of bit-interleaved coded OFDM systems over frequency selective fading channels [3]-[5]. To simplify the performance evaluation, the concept of effective signal-to-noise
ratio (SNR) has been introduced in [3] as the SNR of an equivalent additive white Gaussian noise (AWGN) channel which
would yield the same error probability as that of the considered
frequency-selective channel. The effective SNR can be used
to adapt modulation and coding to the instantaneous channel
conditions (and the service requirements) or to assess the average error rate for a given transmission mode [4]. Average and
outage system performances have also been derived in [5] for
multiantenna combining techniques in Nakagami-fading propagation environments, while the effects of non-stationary intercell interference on the performance of multiantenna WiMax
systems have been studied in [6] [7].
c
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In this paper we develop a unified framework to analytically
assess the uplink performance of a multiantenna WiMax system over space-time dispersive Rayleigh-fading environments
with spatially correlated intercell interference. The array processing at the base station is here optimized for the mitigation
of out-of-cell interference impairments. Different angle-delay
spreads are investigated by introducing an efficient description
of the long-term features of the multipath channel which allows
to simplify the parametrization of the space-frequency channel correlation. For each channel model, the code error rate
is expressed as a function of the effective signal to interference plus noise ratio (SINR), here re-defined with respect to
the single-antenna analysis [4] so as to jointly account for the
correlation of the inter-cell interference over the antennas and
the correlation of the channel gains over both the antennas and
the subcarriers. The performance analysis is carried out so as
to fit the specific WiMax standard and to account for the effects
of the standard-compliant interleaving scheme. A closed-form
expression of the distribution of the effective SINR is derived,
for each Hamming distance of the convolutional code (CC),
through an eigenvalue decomposition of the space-frequency
channel covariance matrix. Finally, the average bit-error-rate
(BER) is obtained by the conventional truncated union bound
[8]. Numerical results show that the proposed analytical model
provides an accurate fitting of the BER over a large range of
space-time multipath environments.
II.

S YSTEM DESCRIPTION

A. Multi-cell layout
We consider the uplink of a IEEE 802.16-2004 multicell system [1] [2] with fixed subscriber stations (SS). Base stations
(BS) are distributed over the access area as indicated in Fig.
1, forming an hexagonal cellular layout with frequency reuse
factor 3. In this example, the transmission by the subscriber
station SS0 to its own base station BS0 is impaired by the interI
ference from NI = 3 out-of-cell subscriber stations fSSi gN
i=1
which transmit using the same time-slot and the same frequency band as SS0 ; BS0 is equipped with a uniform linear
array (ULA) of M antennas covering a 120deg sector, while
SSs have a single antenna.
B. System model
According to the standard, a sequence of bits fbk g is convolutionally coded at the transmitter, bit-interleaved and mapped
into complex symbols fxk g belonging to the constellation of
the selected digital modulation. For the sake of simplicity, here
we restrict the analysis to the first of the seven modulationcoding schemes of the standard [1] [2], employing BPSK
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modulation and a CC encoder with rate 1/2 and generators
(171,133). Though the standard prescribes also an outer Reed
Solomon code, for the BPSK mode the outer code is disabled.
The modulated symbols are transmitted by OFDM signalling
over a frequency selective fading channel and received by the
base station BS0 in AWGN and inter-cell interference. OFDM
demodulation is carried out at each receiving antenna, so that
the M £ 1 baseband signal obtained at the output of the M
demodulators on the kth subcarrier can be written as
yk = hk xk + nk ;

¡1
~H
~ H ~ ¡1 h
x
^k = (hH
hk )¡1 Q¡1 hH
~k . (2)
kQ
k yk = xk +(hk hk )
kn

~ k;1 ¢ ¢ ¢ h
~ k;M ]T
~ k = Q¡H=2 hk = [h
To simplify the notation, h
has been introduced to denote the channel vector weighted by
the Hermitian Cholesky factor of the noise spatial covariance
Q, while n
~ k = Q¡H=2 nk is the whitened noise vector. It can
be easily shown that the signal-to-interference-plus-noise ratio
(SINR) at the output of the spatial filter is [10]:
i
h
2
M
X
E jxk j
~ k;m j2 = jjh
~k jj2 :
i=
°k = h
jh
(3)
2
xk ¡ xk j
E j^
m=1
The output symbols x
^k are then used for soft demodulation,
bit deinterleaving, bit maximum-a-posteriori (MAP) convolutional decoding.
C. Channel and interference model
Let H be the M £ K space-frequency matrix that gathers the
channel gains for the M antennas and the K subcarriers over
the link SS0 -BS0 :
NR
p X
P0
®r a(µr )gT (¿ r ):

θ 1 =-46.10deg
BS 0

SS 0

(4)

r=1

This matrix is here modelled as the sum of NR path contributions, each characterized by a direction of arrival (DOA)

θ0

θ 2 =0deg
SS 2

ULA
θ 3 =46.10deg
SS 3

(1)

where the M £ 1 vector hk gathers the M (complex) channel gains between the transmitter SS0 and the M antennas at
BS0 , while xk denotes the symbol transmitted by SS0 . The
vector nk models the background noise and the inter-cell inI
terference generated by the users fSSi gN
i=1 . It is assumed
to be zero-mean Gaussian, temporally uncorrelated but spatially correlated (due to the interference) with spatial covari2
2
ance matrix Q = E[nk nH
k ] = ¾ n IM + QI , where ¾ n is the
variance of the background noise while QI denotes the contribution from the NI active interferers. The subcarrier index, k 2 K = fk1 ; : : : ; kK g, ranges over the K subcarriers
used for data transmission. The total number of subcarriers is
N = K + P + G + 1, which includes also the pilots (P ), the
guard-band subcarriers (G) and the DC. We further assume that
the length of each codeword equals the OFDM symbol length
K. The other main system parameters are listed in Table 1.
To reduce the interference effects, BS0 applies the minimum
variance distortionless (MVDR) filter [10] to the signal (1):

H = [h1 ¢ ¢ ¢ hK ] =

SS 1

L

Figure 1: Cellular layout with hexagonal cells: shaded cells
represent the first ring of interference for reception of the user
SS0 by the base station BS0 .
µr , a time of arrival (TOA) ¿ r and a complex fading amplitude ®r . The average power received from all paths
is indicated by P0 , while the M £ 1 vector a(µr ) =
[a1 (µr ) ¢ ¢ ¢ aM (µr )]T represents the ULA response to the DOA
µr . The K £ 1 vector g(¿ r ) = [g1 (¿ r ) ¢ ¢ ¢ gK (¿ r )]T contains
the K samples of the N -point discrete Fourier transform (DFT)
of the channel impulse response over the rth path, i.e.:
µ
¶
ki ¿ r
gi (¿ r ) = Gki exp ¡j2¼
for i = 1; : : : ; K;
N T

(5)

where Gki is the frequency response of the cascade connection of the transmitter and receiver filters on the ki th subcarrier (for ki 2 K). To simplify, TOAs are simulated as integer
multiple of the sampling interval T , so that 8ki ; Gki = 1.
Amplitudes are assumed to be uncorrelated Rayleigh-faded,
®r ∼ CN (0; ½(¿ r ; µr )), with variance ½(¿ r ; µr ) that depends
on the power-delay-angle profile (PDAP) ½(¿ ; µ). The PDAP
is here modelled as ½(¿ ; µ) = ½d (¿ )½a (µ; µ0 ), with exponential
profile ½d (¿ ) over the delays and Laplacian (double exponen-

Table 1: Relevant system parameters.
Carrier frequency fc
Sampling frequency 1=T
N. of subcarriers N
N. of guard-band subcarriers G
N. of pilots P
N. of data subcarriers K
Maximum cyclic prefix length Ncp
N. of antennas M
Antenna spacing ¢
Path loss exponent v
CC generators (rate 1/2)
CC minimum Hamming distances

3:5GHz
4MHz
256
28 + 27
8
192
64 samples
4
1.4¸
3
(171,133)
10,12
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tial) profile ½a (µ; µ0 ) over the angles:
µ
¶
¿
½d (¿ ) = ½d (0) exp ¡
¿ ¸ 0,
¾¿
µ
¶
jµ ¡ µ0 j
:
½a (µ; µ0 ) = ½a (0; µ0 ) exp ¡
¾µ

(6)
(7)

The angle µ0 denotes the main DOA connecting SS0 and BS0 ,
while the scalar terms ½d (0) and ½a (0; µ0 ) are used to normalPNR
½(¿ r ; µr ) = 1. The
ize each power profile to one, so that r=1
decaying constants ¾ ¿ and ¾ µ will be referred to as, respectively, delay and angle spread of the channel.
As further performance references, we consider also two
simplified Rayleigh-fading models that can be seen as extreme
cases of frequency selectivity:
² Frequency-flat channel (FF): the channel gains are constant over the subcarriers (as for a null delay spread, i.e.
¿ r = 0, 8r);
² Maximum frequency diversity (FD): the channel gains are
independent identically distributed over the subcarriers (as
for the ideal case of a maximum delay spread ¾ ¿ ! 1
and a channel temporal support of length N covered by
the cyclic prefix).
The propagation from each interferer to BS0 is modelled
similarly to the user SS0 . It follows that the ith interferer spatial
covariance (averaged with respect to the fast fading) is
NR
NI
X
X
QI = Pi
½a (µr ; µi ); a(µi;r )aH(µi;r ).
i=1

(8)

r=1

R
depending on the DOAs fµi;r gN
r=1 , the normalized powerangle-profile ½a (µ; µi ) and the mean power Pi of the ith user,
for i = 1; : : : ; NI . Shadowing effects are not considered.

III.

P ERFORMANCE ANALYSIS

In this section, the performance of the IEEE 802.16 OFDMSIMO system is assessed in terms of average (with respect to
fading) bit error probability Pb = Pr(bk 6= bk ) at the output
of the decoder applied to the spatially filtered signal (2). This
performance is expected to depend on the statistics of the SINR
variates γ = [° 1 ; : : : ; ° K ], as defined in (3).
The union bound approximation for the bit error probability
conditioned to the SINR set γ can be written as [8]
X X
Pb (γ) ·
¯(c)Pd (γ; c)
(9)
d¸dfree c2E(d)

where dfree is the free Hamming distance of the code, E(d)
is the set of all paths c having Hamming distance d from the
all-zero path, ¯(c) is the corresponding input weight, while
Pd (γ; c) is the probability that the decoder chooses the path c
when the all-zero codeword is transmitted (pairwise error probability, PEP). The PEP can be written as
³p
´
Pd (γ; c) = Q
2° e® (γ; c) ;
(10)

° e® (γ; c) being the SINR at the decision variable (the effective
SINR) for the codeword c at distance d. The effective SINR
is the sum of the d SINR values γ c = [° f c;1 ; : : : ; ° fc;d ]T observed over the subcarriers Fc = ffc;1 ; : : : ; fc;d g associated
(by the interleaver) to the d non-zero coded bits in c:
°
X
X°
° ~ °2
°k =
(11)
° e® (γ; c) =
°hk ° :
k2Fc

k2Fc

A further approximation of the bit error probability (9) can
be obtained by upper bounding each PEP by the probability
of the codeword cw associated to the worst configuration (depending on the interleaver) of d error bits: Pd (c) · Pd (cw ).
The worst error configuration, for a given distance d, needs to
be evaluated for the specific code and interlever, as done by
simulations in Sec. III for the standard [1][2]. It follows that:
³p
´
X
X
Pb (γ) ·
¯ d Pd (cw ) =
¯dQ
2° e® (γ; cw )
d¸dfree

d¸dfree

(12)
with ¯ d =
¯(c).
For
large
SINR,
the
above
union
c2E(d)
bound can be reasonably truncated to the minimum distance
dfree term (or to the first n > 1 minimum distances terms, as it
will be done in the following section using n = 2). The average
bit-error probability can finally be obtained as
Z
X
Pb = Eγ [Pb (γ)] =
¯ d Pd (cw )pd (° e® )d° e® ; (13)
P

d¸dfree

where pd (° e® ) is the probability density function (pdf) of the
effective SINR ° e® (γ; cw ) for the codeword cw at distance d.
We recall from (11) that the effective SINR ° e® (γ; c), associated to a generic codeword c of distance d, is the sum of the
square magnitudes of M d zero-mean complex Gaussian random variables, i.e. all the channel gains associated to the positions of the errors in c, here gathered in the space-frequency
~ c = [h
~T ; : : : ; h
~ T ]T . Thereby, the pdf pd (° e® ) of
vector h
f c;1
f c;d
this sum (for c = cw ) depends on the correlation among the
M d channel gains, that is specified by the M d £ M d correla~c ¢ h
~H
tion matrix Rc = E[h
c ]. From (4), it is:
R c = P0

NR
X
r=1

½(¿ r ; µr )[gc (¿ r )gcH (¿ r )]¤ − [~
a(µr )~
aH (µr )]:

(14)
Here − denotes the Kronecker product, gc (¿ r ) is the vector obtained by sampling g(¿ r ) at the subcarriers Fc , while
~
a(θr )= Q¡H=2 a(θr ) is the spatially weighted steering vector.
It is understood that the correlation degree depends on the angular/delay spread of the multipath channel (i.e., on ¿ r and µr ),
compared to the spatial/temporal resolution of the system, and
on the interleaving pattern (the more the error bits are spread
away in the frequency domain, the lower is the correlation and
the higher is the diversity).
Now, let U and λ = [¸1 ¢ ¢ ¢ ¸Md ]T be, respectively, the
eigenvectors and the eigenvalues of Rc , the effective SINR can
~c . This new
be rewritten as ° e® (γ; c) = jjbjj2 with b = UH h
formulation of the SINR is the sum of the square magnitudes
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Figure 2: BER vs. SINR for a single-antenna receiver.

Figure 3: BER vs. SINR for a four-antenna receiver.

of M d zero-mean independent complex Gaussian random variables, i.e. the square magnitudes of the entries of the vector b.
As proved in [9] (p. 802), the pdf of this sum can be written as:
X Ai
exp (¡° e® =¸i ) ;
(15)
pd (° e® ) =
¸i

exemplified in Fig. 1 with cell size L = 600m. The analytical
performance is evaluated using the union bound (12) truncated
to the error events at either the free distance d = 10, or at the
two first minimum distances d = 10 and d = 12. We recall
that, for each Hamming distance d, the bound (12) accounts
only for the path cw associated to the worst configuration of
d error bits. The worst path cw is independent of the delayangle structure of the channel and it can be easily recognized
as the error configuration that achieves the minimum diversity
degree at the output of the periodic bit interleaver. This error
configuration has been derived by numerical simulations for
the specific CC and the interleaver prescribed by the standard.
The performance is evaluated in the sequel as a function of the
single-antenna SINR defined as
µ
¶¡1
1
P0
1
SINR = 2 P
=
(17)
+
¾ n + i Pi
SNR SIR

free
where Ai = 1=¦Md
k=1;k6
=i (1¡¸k =¸i ). This latter result together
with (13) allows to derive a tight bound for the average BER,
as it will be shown in the following section.
Remark. The eigenvalue decomposition of the matrix Rc
simplifies in multipath scenarios where the following Kronecker structure holds: Rc = Rf − Rs , being Rf the d £ d
correlation over the frequency and Rs the M £ M correlation over the space. In such a scenario, the eigenvalues of
Rc equal the Kronecker product of the eigenvalues of Rf and
Rs : λ = λf − λs . An example of such a Kronecker structure, adopted in the following section for performance validation, is a multipath pattern of NR = Nc Nm paths, grouped
into Nc clusters of Nm multipath components each. All multipath components in the cluster have the same DOA but different TOAs: for the pth cluster, p = 1; : : : ; Nc , the DOA
is µp = (p ¡ (Nc + 1)=2)¢µ + µ0 , while the W TOAs are
¿ m = (m ¡ 1)T with m = 1; : : : ; Nm . The Kronecker structure of the space-frequency correlation matrix comes from the
fact that all clusters have the same delay pattern, so it is:
p
P0 ¢ F diag (½d (¿ 1 ); : : : ; ½d (¿ Nm )) FH
(16)
Rf =
p
~
~
Rs =
P0 ¢ A diag (½a (µ1 ; µ0 ); : : : ; ½a (µNc ; µ0 )) AH

with F denoting the the K £ W DFT matrix having Fi;m =
~ =
exp(¡j2¼ki m=N ) as element (i; m) with ki 2 K, and A
[~
a(µ1 ) ¢ ¢ ¢ ~
a(µNc )].
IV. N UMERICAL RESULTS
In this section we validate the performance analysis of Sec. II
by simulating a IEEE 802.16-2004 multicell scenario as the one

where SNR = P0 =¾ 2n denotes the signal-to-noise ratio, while
P I
SIR = P0 = N
i=1 Pi is the signal-to-interference ratio. All SSs
are assumed to transmit at the same power level. According to
the path-loss law, the SIR depends on the ratios between the
distances SSi -BS0 (`i ) and SS0 -BS0 (`o ), P
for i = 1; : : : ; NI ,
I
v
and to the path-loss exponent v: SIR = 1= N
i=1 (`0 =`i ) . SS0
is assumed to transmit from the main DOA µ0 = 5 deg, while
the NI interferers are placed at the center of their cells so that
µ1 = ¡46:1 deg; µ2 = 0 deg and µ3 = 46:1 deg (see Fig.
1). Channels are simulated according to the model in Sec. IC, with space-frequency correlation structured as at the end of
Sec. II for Nc = 35, ¢µ = 3:4deg and temporal support equal
to the cyclic prefix length Nm = Ncp = 64 (see Table 1).
We first consider a single-antenna (M = 1) link, with channel having exponential power delay profile (6) and delay spread
¾ ¿ 2 f0:1; 0:2; 0:4; 1g¹s. The two extreme cases of frequency
selectivity ¾ ¿ = 0 (FF) and ¾ ¿ ! 1 (FD) are also taken into
account to get lower/upper performance bounds. Notice that,
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Figure 4: Pdf of the effective SINR for d = 10.
since the interference in this paper is assumed to be temporallyuncorrelated spatially-correlated Gaussian, for a single antenna
receiver the overall noise-plus-interference signal nk reduces
to AWGN. Fig. 2 compares the simulated and the analytical
BER vs. the average SINR for this first propagation scenario.
We notice that the system performance improves when increasing the channel delay spread ¾ ¿ , as bit-interleaved code modulation achieves large diversity gain over frequency selective
channels. As expected, the worst and the best performances
are obtained in the two extreme cases of frequency diversity:
the error rate scales asymptotically as 1/SINRdfree for the maximum diversity channel (FD) and as 1/SINR in the frequencyflat case (FF). It can be easily seen that the analytical BER
derivation permits an accurate fitting of the simulation results
over the whole range of average SINR and delay spread.
We now consider a ULA of M = 4 antennas at the base
station BS0 , with inter-element spacing ¢ = 1:4¸ (¸ is the
carrier wavelength) chosen according to the optimum deployment in [7]. The average SNR is here set to 20 dB. The delayangle spreads for the user SS0 are ¾ ¿ 2 f0:1; 0:5; 1g ¹s and
¾ µ 2 f1:1; 2:3; 4g deg, while the interference angular spread
is fixed to ¾ µ = 4 deg : The single path case (for ¾ µ = 0deg
and ¾¿ = 0s) and the uniform PDAP case (for ¾µ ! +1 and
¾ ¿ ! +1) are considered as well. Fig. 3 shows the average
BER vs. the SINR for the different space-time dispersive channel models. As expected, the minimum probability of error is
obtained in rich scattering propagation environments characterized by large angle-delay spread. In this scenario, BS0 receives the desired signal from multiple paths so that the spacefrequency receiver can achieve a large diversity gain and enhance the transmission reliability. On the other hand, when the
physical channel exhibits a strong correlation, the spatial filter
is devoted to mitigate the out-of-cell interference impairments;
in this scenario the multiantenna system achieves limited diversity and the transmission shows reduced robustness against

fading deeps. In all cases, the proposed analytical framework
is shown to provide an efficient performance assessment.
For the free Hamming distance, in Fig. 4 the pdf of the effective SINR is evaluated from numerical results and compared
to the analytical expression (15), for the same simulation setting as in Fig. 3 and SINR= 0 dB. The number of antennas
here takes values M 2 f1; 2; 4g, while the angle-delay spread
for the SS0 channel is either (¾ µ ; ¾ ¿ ) = (2:3 deg; 0:5¹s) or
(¾ µ ; ¾ ¿ ) = (4 deg; 1¹s). The figure shows that the analytical distribution based on the eigenvalue decomposition of the
space-frequency covariance matrix permits an efficient fitting
of the distribution of the SINR at the decision variable.
V. C ONCLUSIONS
In this paper an accurate framework has been proposed to analytically assess the performance of a multiantenna multicell
WiMax systems. The analysis encompasses heterogeneous
propagation scenarios according to different degrees of spatial
and temporal diversity. This study, validated by numerical results, shows that the communication system is very effective in
rich scattering environments, whereas the performance deteriorates considerably for strongly correlated channels with moderate angle-delay spread.
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